The multipole content of pion photoproduction at the ∆ + (1232) resonance has been extracted from a data set dominated by recent Mainz Microtron (MAMI) precision measurements. The analysis has been carried out in the Athens Model Independent Analysis Scheme (AMIAS), thus eliminating any model bias. The benchmark quantity for nucleon deformation,
Introduction
The conjectured deformation of the nucleon [1, 2, 3] and of hadrons in general, has been the focus of numerous theoretical and experimental investigations for over thirty years [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] as it addresses a fundamental question in physics: the shape of the smallest particles in nature known to have size.
The anticipated deformation of hadrons is attributed to fundamental QCD processes: the color hyperfine interaction and its tensor component in particular [21, 22, 23, 24] gives rise to hadron deformation in a similar manner that nucleon-nucleon tensor interaction gives rise to the deuteron deformation. It is also recognized that equally fundamental complex chiral dynamics are at work which lead to the deformation of the nucleon's pion cloud. These same fundamental features of QCD are also responsible for many other aspects of hadron structure such as the non-vanishing neutron charge RMS radius and the magnitude of their magnetic moments.
The resulting non spherical components, predominantly D-wave admixtures, in the nucleon wavefunction allow quadrupole excitation of the ∆ which would be absent if only S-waves were present. The ratio of electric quadrupole E2 to magnetic dipole M 1 amplitudes (EMR) measured in the γp → ∆ + (1232) transition serves as the accepted gauge of the magnitude of the deformation of the proton [2] . QCD simulations in lattice gauge theories and QCD inspired models yield non vanishing EMR. However both the theoretical calculations and the experimental results need to reach higher accuracy and precision to guide theoretical efforts for a better understanding of this fundamental issue.
Invariably, the experimental investigations to measure EMR utilize the transitions:
where a photon (γ), real or virtual, excites a proton (p) to a ∆ + (1232) which de-excites with the emission of a pion (π) or a gamma ray. The ∆ + (1232) resonance (J = I = 3/2, Γ = 117M eV ) [25] decays 99.4% to the πN channel and (0.55 − 0.65)% to the γ channel [25] . Its shape and width are dominated by the πN interaction.
As the final state of the γN → πN lies in the continuum, the number of possible contributing multipoles is very large, in principle infinite. Apart from the resonant multipoles, all other multipoles are termed as "background" deriving primarily from Born terms and from the tails of higher resonances [16] . Due to insufficient data [26, 27] and limitations of the analysis techniques [28] multipole analyses up to now have been able to extract only few multipoles. Higher multipoles are either set to zero (truncated analysis) or use models to account for them (model dependent analysis). This model dependence, unavoidably, leads to shifted mean values and underestimated uncertainties in the extracted multipoles and the EMR. It has been argued that in the ∆(1232) region the model error could significantly influence the results [29, 30] making it difficult to extract multipoles with the necessary accuracy so as to provide constraints and guidance to the various theoretical models or to address the issue of nucleon deformation.
In the work presented here both limitations have been overcome: a) A rich and precise dataset has been assembled which includes the most recent pion photoproduction data to date [31, 32, 33, 34] and adequate experimental observables to allow a model independent multipole extraction and b) the Athens Model Independent Analysis Scheme (AMIAS) [35, 36] has been employed for the analysis of the data. For the first time AMIAS inherent capability to incorporate systematic error in the analysis and treat it on the same footing as statistical error has been implemented. Thus, the results presented in this work derive from the most recent and most accurate photoproduction data available, some of them used for the first time for multipole analysis [31, 32, 33, 34] , employing the most complete analysis scheme currently available.
In this paper multipoles are classified using the standard πN notation in which a multipole is noted as X I π ± where X = E, M indicates its character -electric or magnetic, J its total angular momentum, I its isospin, π its orbital angular momentum; "+" or "−" is used to denote whether the spin (s=1/2) is parallel or anti-parallel to the angular momentum.
The experimental database
High accuracy neutral pion photoproduction data in the ∆(1232) region were acquired at MAMI [31, 32, 33, 34] by the A2 collaboration [37] . These data include the unpolarized differential cross section dσ 0 [31] , and the polarization-dependent differential cross sections σT [32, 33, 34] and σF [32, 33, 34] associated with the target asymmetry T and the beam-target asymmetry F respectively. TheT = σT observable was measured with a transversely polarized target [32, 33, 34] and it features higher statistical precision and angular coverage over earlier measurements [38] . TheF = σF observable was measured for the first time using a transversely polarized target with a longitudinally polarized beam [32, 33, 34] .
The dσ 0 [31] is the most precise γp → pπ 0 cross section measured to date characterized by unprecedented statistical accuracy and extended angular coverage. It features a fine binning in E γ of 4M eV and covers the full pion production angle in 30 angular bins. The polarization data feature 1.1M eV bins in E γ and 18 evenly spaced angular bins from 5
• to 175
• . All aforementioned data were measured with the use of the Glasgow-Mainz photon tagging facility [39, 40, 41] . The Crystal Ball [42] and the TAPS multiphoton detector [43, 44] served as central and forward calorimeters respectively. Fig. 1 shows the unpolarized dσ 0 and theT andF polarization data; the experimental observations are in good agreement with both the MAID07 model (red solid curve) and the SAID (CM12) solution (green dashed curve). Only statistical errors are shown.
In our analysis the recent MAMI data were complemented by the older but still most precise γp → nπ + data of Beck et al. [7] for unpolarized cross section (dσ 0 ) and beam asymmetry (Σ) and the double polarization beam-target G and P asymmetries of Ahrens et al. [45] and Belyaev et al.
[46]. The G asymmetry was measured using a 4π detector system, a linearly polarized tagged photon beam, and a longitudinally polarized proton target. P was measured using linearly polarized photons and a transversely polarized proton target [46] . The G and P measurements feature only a limited number of angular measurements of low statistical precision but as it will be shown in section 4.1 they are important in restricting the derived multipole solutions. The analyzed dataset is listed in Table 1 . Figure 1: The high precision MAMI data used in our analysis at W cm = 1232M eV . From top to bottom are the γp → pπ 0 differential cross section [31] , the polarized targetT observable [32, 33, 34] and the first ever measurement of the polarized beam-targetF observable [32, 33, 34] . The red solid and the green dashed curves are the MAID07 prediction and the SAID (CM12) solution at the same energy.
Methodology
The methodology employed is the implementation of the Chew, Goldberger, Low and Nambu (CGLN) theory [49] in the Athens Model Independent Analysis Scheme (AMIAS) [35, 36] for use with photoproduction data. In the case of single pion photoproduction, γN → N π, both initial particles and the final state nucleon have two spin states yielding a total of eight degrees of freedom [7, 16] . Due to parity conservation a total of four complex amplitudes are required to describe the reaction [7] . The four invariant amplitudes of the photoproduction process are related to the CGLN amplitudes (F 1 , F 2 , F 3 , F 4 ) by a linear and invertible transformation [49, 50] .
The AMIAS method is based on statistical concepts and relies heavily on Monte Carlo and simulation techniques, and it thus requires High Performance Computing as it is computationally intensive. The method identifies and determines with maximal precision parameters that are sensitive to the data by yielding their Probability Distribution Function (PDF). The AMIAS is computationally robust and numerically stable. It has been successfully applied in the analysis of data from nucleon electroproduction resonance [35, 3] , lattice QCD simulations [51] and medical imaging [52] .
AMIAS requires that the parameters to be extracted from the experimental data are explicitly linked via a theory or a model [35] . This requirement is fulfilled, like in the case of electroproduction ref. [35, 53] 
where x = cos(θ) is the cosine of the scattering angle. It is also assumed that in addition to unitarity the use of the Fermi-Watson theorem [54] applies below the two-pion threshold which in turn implies that the multipole phases in photoproduction are equal to the πN scattering phase shifts [55] . By fixing the multipole phases from the experimentally determined πN phases [35, 55] the parameters of the problem become definite isospin multipole amplitudes, namely, the A 1/2 and A 3/2 amplitudes [16] . These amplitudes are obtained from the reaction channel amplitudes and the relations [16] :
The Fermi-Watson theorem provides a particularly useful constraint enabling the model independent analysis as it has been shown that the number of discrete ambiguities in unconstrained truncated multipole analyses rises exponentially with the number of multipoles being fitted [56, 57] . In contrast to the practice adhered up to now where multipoles which are not fitted are either fixed through a model [13, 58] or through their Born contribution [7] , we exploit the AMIAS's robustness and numerical stability to extract all multipole amplitudes to which the data exhibit any sensitivity.This feature of AMIAS is discussed in [51] and it is demonstrated in this work by extracting multipole amplitudes by gradually increasing the cut , where cut is the upper summation limit of eq. (2) -(5). All multipoles of order higher than cut which are not varied are fixed to their Born contribution which is calculated up to all orders [59] . We adhere to the MAID convection [16] and definitions concerning "Born terms", which thus contain s-and uchannel nucleon terms, ρ and ω exchange in the t-channel, and pion pole contributions [16] which are significant in the charged pion channel. Above a given multipole order the derived PDFs remain unchanged as more amplitudes are allowed to vary, indicating that convergence has been reached and maximal information has been extracted from the data. As a convergence criterion for the PDFs we use a T-statistics test [60, 61] and demand that the derived cut multipole PDFs differ no more than ∼ 2% from the cut + 1 PDFs. The minimum χ 2 value generated during each cut analysis also reaches an asymptotic value as the analyses are driven towards convergence. This means that allowing higher waves to vary would not contribute to the χ 2 value of the problem, as the data are completely insensitive to them. A flowchart of the AMIAS implementation for multipole extraction from photoproduction data is illustrated in Fig.  2 .
Multipole extraction from photoproduction data is an inverse problem posing a highly complex [8] and correlated parameter space [28, 62] . Capturing all these correlations is essential for dealing with the numerous and individually weakly contributing background amplitudes and producing precise results. Model dependent methods freeze "insensitive" multipoles thus excluding any possibility of determining them and more importantly removing their influence on the dominant amplitudes, through correlations, which can be substantial. Such an approach introduces uncontrolled model error which may both shift the extracted values for the dominant amplitudes and underestimate the corresponding uncertainty. Implementing the AMIAS postulate [35, 36] , that "every physically accepted solution is a solution to the problem with a finite probability of representing reality", through unbiased MC sampling of the entire parameter space, all possible correlations between the parameters and up to all orders are captured and embedded in the AMIAS ensemble of solutions. The full accounting of correlations is one of the main features of AMIAS that minimizes the model error.
Treatment of systematic errors
Modern accelerators and detection instrumentation have allowed significant improvements in the quality of pionphotoproduction data, often yielding results characterized by statistical errors smaller than the estimated systematic uncertainties [31] . This requires a more complex and sophisticated treatment of systematic effects in multipole extraction analyses. In previous analyses, this was either ignored or accommodated by simply adding in quadrature the systematic and statistical uncertainties. In the ∆(1232) region, the dominant M 3/2 1+ amplitude is very sensitive to systematic errors of multiplicative nature while the small resonant E 3/2 1+ amplitude is in addition sensitive to angular precision [7] .
To account for possible sources of systematic uncertainty whose leading effect on the data is either of multiplicative or of additive nature (pedestal) we have introduced nuisance parameters for the unpolarized cross section data and the model:
where the coefficients (nuisance parameters) α i and c i are allowed to vary in a restricted range according to the magnitude of the reported estimated systematic uncertainty [7, 31] . The index-i is used to distinguish between the pπ 0 and the nπ + differential cross sections. An uncertainty in determining the center-of-mass (CM) pion angle of up to 2
• is reported for the Crystal Ball/Taps system [63] and it was taken into account by allowing the CM angle that freedom during the variation (AMIAS Monte Carlo) procedure. The uncertainty in incident photon energy E γ,lab and center-ofmass energy W cm [31, 41] was found to induce a negligible effect to the data at the resonance region.
Validation of the applied methodology
The AMIAS methodology for the case of electro-and photoproduction has been extensively studied and validated through the analysis of pseudodata [35, 36, 53] ; also in several other reactions and cases [51, 52] .
The case of resonance photoproduction presented here was extensively studied; an indicative example of multipole amplitude extraction employing the aforementioned methodology using the pseudodata of [64] is shown here. The analyzed pseudo-dataset contains high precision simulation data for the differential cross section (dσ 0 ), the beam (Σ), the target (T ) and the beam-target (F ) asymmetries for the γp → pπ 0 and the γp → nπ + reactions. The data were generated by randomizing the MAID07 [65] 
• ], where θ cm is the angle between the incoming photon and the outgoing pion in the CM frame [64] . By applying the methodology of Sec. 3 we extracted multipole amplitudes of up to cut = 6 where convergence was reached. The χ 2 min found in the AMIAS ensemble of solutions as the cut increased is illustrated in Fig. 3 -a where the color-coding red triangles was used for the truncated analysis (multipoles which are not varied are set to zero) while the blue circles were used for the analysis dur-ing which amplitudes that were not varied were fixed to their Born value. The derived values for EM R(%) and two selected amplitudes, M 3/2 1+ and E 3/2 2− are also illustrated from cut = 1 up to convergence. The results shown depict the mean for the derived multipole PDF with an confidence level corresponding to a ±34% probability. The black horizontal line is the generator input while the magenta line shows the Born contribution to the multipole. All extracted multipoles show a similar behavior; they are in statistical agreement with the generator input and converge by cut = 6. It is worth noting that the results of the truncated analysis are characterized by large fluctuations as the imposed cut is increased. This indicates that higher waves are needed to reliably extract lower multipoles.
Results
By applying the methodology presented in Section 3 to the experimental data of Table 1 we extracted values for all multipole amplitudes which show sensitivity to the data. Multipoles of up to cut = 5 were varied before convergence was reached. In Figs 4 and 5 the PDFs of some selected ≤ 2 multipoles from the AMIAS model independent analysis are compared to the = 1 and = 2 model dependent (MD) analysis and the Bonn -Gatchina [66, 67] , the MAID07 [65] and the SAID-PR15 [68, 69] solutions. MD analyses recognize the influence of non resonant multipoles of order higher than those allowed by the imposed truncation cut , typically cut = 1 and cut = 2, on the derived resonant terms; instead of ignoring them they give them values derived from phenomenological models. In the results shown in Figs 4 and 5 the higher than cut background terms were fixed to the MAID07 values. In general, we observe good agreement between the derived mean values between the AMIAS and the MD analyses. We note significant differences in the derived uncertainties between the AMIAS and the MD analyses. The AMIAS extracted values agree with those of the phenomenological models which fall within one or two standard deviations from the experimentally determined values. The sole exception is the MAID07 value for the multipole amplitudes E 1/2 0+ and E 3/2 0+ where a larger than 3σ discrepancy is observed. The extracted amplitudes with ≥ 3 are not shown in the figures but they are in good statistical agreement with model predictions which treat these background amplitudes as primarily deriving from Born terms.
The multipole PDFs derived from the AMIAS analysis were fitted by asymmetric gaussians and numerical results were extracted. Table 2 lists the mean value and 68% confidence (CL) for each of the sensitive multipoles. As sensitive were considered all multipole amplitudes with relative uncertainty less than 50%. The quoted uncertainties of the Table 1 . The results are presented with decreasing accuracy, which is the measured relative uncertainty (RU). Only multipoles with relative uncertainty < 50% are listed. The MAID07 [65] , SAID-(PR15) [31, 69] and BonnGatchina [66, 67] It is important to highlight the fact that the AMIAS method exhibits numerical stability even when non-sensitive multipoles are allowed to vary. The visualization of the correlations between any two extracted parameters is accomplished in a two-dimensional scatter plot in which the AMIAS ensemble of solutions are projected on the plane defined by the parameter values and color coded according to the χ 2 value of each solution.
The correlations between the two resonant amplitudes E
3/2 1+
and M
3/2
1+ and the resonant and some background amplitudes are shown in Fig. 6 . The resonant amplitudes do not exhibit significant correlation among them whereas there are some mild correlations between the resonant E Fig. 7 , exhibit moderate correlations when derived from the full dataset of Table 1 but are highly correlated when derived from the "reduced dataset" which lacks the information of the double polarization P and G observables, thus highlighting the importance of double polarization observables. 
Bands of allowed solutions
The AMIAS ensemble of solutions, can be used to select any subset of solutions which represent "reality" within a given CL. This is achieved by building the histogram of the generated χ 2 's forming subsequently from it the corresponding PDF and integrating it to the desired CL. In comparison to other approximate methods, e.g. the U P parameter method [70] of MINUIT [71] the AMIAS method is exact. The investigation of the properties of the acceptable solutions can reveal valuable information on the detailed interpretation of the derived results or the potential value of missing measurements.
Using this technique we explore the value of the double polarization observables. We selected the solutions from the AMIAS ensemble leading to a 68% CL to describing the data. These solutions include values for each of the single and double Beam-Target polarization observables which are illustrated as bands in Fig. 8 . The yellow more restricted bands correspond to solutions allowed by the full dataset (Table 1) while the blue, more relaxed, bands correspond to solutions to a restricted data set which the double polarization observables G and P have been removed. This comparison demonstrates the importance of double polarization observables in restricting the multipole solutions. It also indicates the desirability of obtaining data in the very forward and backward angles. Such bands, are also particularly valuable in assessing the value of observables which need to be measured and the desired accuracy in order to achieve more precise results.
Extracted EMR
The derived value of EMR(%), −2.5 ± 0.4 stat+syst , is free of model error, the first time this has been achieved. It is in good agreement with earlier reports [7, 8, 12] . Special care was taken to account for any systematic errors as described in Section 3.1, for which their effect on the derived EMR value was estimated to be ±0.1%. The magnitude of uncertainty due to systematics was estimated by comparing the PDF of EMR when systematic errors were accounted for, and when ignored.
Although a nearly complete dataset was used, which utilizes the most precise measurements to date, the derived uncertainty is comparable to analyses of older and less precise data. This is due to the fact that model dependent analyses in which background multipoles are fixed also freeze the correlations to other multipoles [29] thus reducing the propagated uncertainty. This is manifested in the PDFs shown in Figs. 4 and 5 where it is evident that the Model Independent AMIAS results (PDFs) are noticeably broader than those resulting from the Model Dependent analysis. Model independent analysis of the "benchmark dataset" [28] has shown that the traditional ansatz [29] of employing several different models and attributing the spread in the solutions as model error [30] although not precise it adequately captures the magnitude of the effect. Figure 9 : PDF of the derived EMR(%) from the full dataset of Table 1 . Both statistical and systematic errors were considered. The vertical lines represent model predictions.
In Table 3 we present the EMR values of various analyses and models of the last 20 years and make a distinction to the kind of quoted error, statistical, model, and systematic. Excluding the BRAG result [30] which quotes only a model uncertainty and not a statistical error, all other analyses report a statistical+model error combined which is comparable or larger than the ±0.4% value determined in this work. Of the listed analyses, only in the works of references [7, 8, 12] the analyzed data allowed for full multipole isospin decomposition and in each of them a different approach was used to fix the background. References [7] and [12] fix all ≥ 2 by following the Born approximation. The tabulated EMR value from [7] is from a single energy fit to experimental data while in [12] EMR was determined using the so-called W-dependent approach which explains the very small statistical errors. Ahrens [12] parameterize all multipoles which are not resonant by a simple second-order polynomial function with a smooth energy dependence. These assumptions contribute to a model error which is estimated by the authors to be 0.3%. In [8] (γ, γ) multipoles are also considered, while the (π, γ) multipole series was truncated at = 3. The general good agreement between the EMR of this work, the earlier reported values, the latest lattice QCD calculation [20] and the model predictions shows that the phenomenological models and the model assumptions used up to now are valid. Based on this analysis we understand that the observed robustness of the extracted EMR can be attributed to the development of successful phenomenological models but also to the fact that the resonant amplitudes exhibit little correlation with the background amplitudes. 
Conclusions
A dataset of pion photoproduction data which allows for full isospin decomposition was analyzed at a single energy right on top of the ∆ + (1232) resonance. The data contain the most recent and most precise measurements to date. For the analysis, the AMIAS method was employed which allowed the extraction of all multipole amplitudes to which the data exhibited any sensitivity. Our analysis revealed strong correlations between background amplitudes and some mild correlations between background amplitudes and the resonant E 3/2 1+ amplitude. Since the E 3/2 1+ 's determined uncertainty dominates the EMR, capturing all correlations between the parameters was an important issue in our analysis which was fully addressed. The EM R(%) = −(2.5 ± 0.4 stat+syst ) reported here is for the first time free of any model error. Its good compatibility with phenomenological models and earlier analyses confirms the validity of the model assumptions behind the analysis methods used up to now. The model independent results of this work corroborate earlier reports, e.g. [13] , which highlight the central role the pion cloud plays in nucleon structure [29] as a consequence of the spontaneous chiral symmetry breaking. The derived results, of unprecedented accuracy reconfirm and validate the conjecture of nucleon deformation attributing it mostly to pion nucleon dynamical interplay. [49] G. Chew, M. Goldberger, F. Low and Y. Nambu. Relativistic dispersion relation approach to photomeson production. Phys. Rev., 106(6):1345, 1957.
